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Ortholog Clustering on a Multipartite Graph
Akshay Vashist, Casimir A. Kulikowski, and Ilya Muchnik
Abstract—We present a method for automatically extracting groups of orthologous genes from a large set of genomes by a new
clustering algorithm on a weighted multipartite graph. The method assigns a score to an arbitrary subset of genes from multiple
genomes to assess the orthologous relationships between genes in the subset. This score is computed using sequence similarities
between the member genes and the phylogenetic relationship between the corresponding genomes. An ortholog cluster is found as the
subset with the highest score, so ortholog clustering is formulated as a combinatorial optimization problem. The algorithm for finding an
ortholog cluster runs in time OðjEj þ jV j log jV jÞ, where V and E are the sets of vertices and edges, respectively, in the graph.
However, if we discretize the similarity scores into a constant number of bins, the runtime improves to OðjEj þ jV jÞ. The proposed
method was applied to seven complete eukaryote genomes on which the manually curated database of eukaryotic ortholog clusters,
KOG, is constructed. A comparison of our results with the manually curated ortholog clusters shows that our clusters are well
correlated with the existing clusters. The reader is advised to compare the "new clustering algorithm" with http://www.datalaundering.com/download/extrem01.pdf
Index Terms—Graph-theoretic methods, clustering algorithms, biology, genetics.
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INTRODUCTION

O

of the fundamental problems in comparative
genomics is the identification of genes from different
organisms that are involved in similar biological functions.
This requires identification of orthologs, which are homologous genes that have evolved through vertical descent
from a single ancestral gene in the last common ancestor of
the considered species [1]. Ortholog detection is fundamental in estimating the trace of vertical evolution of genes.
In many cases where the only accessible information on
shared characteristics across organisms is genes, orthologs
are the only means of studying evolutionary relationships.
Although the degree of sequence similarity between
orthologs from different organisms varies and usually
depends on the time elapsed since their divergence, such
genes usually perform the same function(s) in several
organisms [2]. Thus, from an application perspective,
ortholog detection is critical for gene function annotation.
Orthologous groups of genes can provide anchors for
targeting the detection of poorly conserved gene regulatory
elements such as promoters and transcription factors [3].
The purpose of detecting orthologs depends on the type of
data being studied. For instance, one may wish to “zoom”
in on the process of evolution of genes by conducting a
study on orthologs in closely related organisms such as
different fly (Drosophila) genomes [4].
In recent years, many genome-wide ortholog detection
procedures have been developed [5], [6], [7], [8], [9], [10];
however, they suffer from limitations that present real
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challenges for addressing the problem in a large set of
genomes. Some of them [5], [6], [7] are limited to identifying
orthologs in a pair of genomes, some [10] require
phylogenetic information and are not computationally
efficient, and others [8], [9] require expert curation. Known
complete methods for finding ortholog clusters have at least
two stages—automatic and manual. The role of the latter is
to correct the results of the first stage, which is usually a
clustering procedure. Although specific implementations of
clustering procedures in different methods vary, most
successful methods include critical steps such as building
clusters based on a set of “mutually most similar pairs” of
genes from different genomes. These pairs are called BBH
(Bi-directional Best Hits [7], [8], [9]). This preprocessing is
not robust as small changes in data or in the set of free
parameters can alter the results substantially. So, currently,
there are three bottlenecks in ortholog extraction: 1) manual
curation, 2) time complexity, and 3) hypersensitivity of the
automatic stage to parameter changes. We propose a
combinatorial optimization approach for ortholog detection
in a large set of genomes that addresses these bottlenecks.
We describe an ortholog clustering method where we
require that any sequence in an ortholog cluster has to be
similar to most other sequences, from other genomes in that
ortholog cluster. This is achieved by designing a new kind
of similarity function (linkage function) to capture the
relationship between a gene and a subset of genes. The
similarity relationships among genes from multiple genomes are represented as a multipartite graph, where nodes
in a partite set correspond to genes in a genome. To this we
apply a new clustering method for multipartite graphs. The
proposed method assigns a score to any arbitrary subset of
genes from multiple genomes to assess orthologous
relationships between genes in the subset, finding an
ortholog cluster as the subset with the highest score. Thus,
an ortholog cluster is found as a global optimal solution to a
combinatorial optimization problem on multipartite graphs.
Assigning a score that best reflects the ortholog relationships among genes in an arbitrary subset of genes is critical
Published by the IEEE CS, CI, and EMB Societies & the ACM
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to our approach. When considering orthologs from multiple
genomes, observed sequence similarities between a pair of
orthologous genes depend on the time since divergence of
the corresponding genomes. So, in addition to sequence
similarities between genes, we consider the phylogenetic
relationship between genomes. We also describe how the
gene order information can be incorporated into our
method to improve ortholog detection.
The proposed method is fast and enables us to extract
ortholog clusters from a large set of genomes. The key to the
efficiency of the procedure is a particular property of the
objective function, which is based on the linkage function.
Computationally, the algorithm finds an ortholog cluster in
time OðjEj þ jV j log jV jÞ, where E represents the edges and
V represents the vertices in the weighted multipartite graph
expressing the similarity relationships between genes from
different genomes. Furthermore, if we discretize the
weights on the edges into a constant number of bins, the
algorithm runs in OðjEj þ jV jÞ time. We also describe
implementation details that enable significant speedup in
practice. Due to these choices, the method is efficient for
finding candidate ortholog clusters in a large number of
genomes and automatically determines the number of
candidate ortholog clusters. We have applied this method
to finding ortholog clusters in seven genomes on which the
KOG database [8] is constructed.
In what follows, we present our ortholog model in
Section 2 and describe the algorithm for extracting ortholog
clusters in Section 3. The implementation details and
techniques to speed up the ortholog extraction are given
in Section 4. The experimental results on the seven genomes
are described in Section 5 and the comparison of results
with the known ortholog clusters is presented in Section 6.
Section 7 gives the conclusion and future work.

2

PROBLEM FORMULATION: ORTHOLOG MODEL

A challenge in ortholog cluster extraction is avoiding
detection of paralogs, which are genes that have evolved
through duplication of an ancestral gene [1]. From a genefunction point of view, correct identification of orthologs is
particularly important since they usually perform very
similar functions, whereas paralogs, although highly
similar at the primary sequence level, functionally diverge
to adapt to new functions. Paralogs are closely related to
orthologs because, if a duplication event follows a speciation event, orthology becomes a relationship between a set
of paralogs [8]. Due to this complex relationship, paralogs
related to ancient duplications are placed in different
ortholog clusters, whereas recently duplicated genes are
placed in the same ortholog cluster, as has been done in
COG [9], KEGG [5], and Inparanoid [7]. Such a definition of
ortholog clusters is justified from a gene function perspective because anciently duplicated genes are most likely to
have adapted to new functional niches.
We address the above challenges by modeling the
ortholog clusters as clusters in a multipartite graph.
Orthologs, by definition, are present in different genomes
[1]. We represent this in the multipartite graph by letting
different genomes correspond to partite sets and the genes
in a genome correspond to vertices in a partite set. As
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Fig. 1. A multipartite graph representing relationships between genes
(small solid circles) from different genomes (ellipses). There are
k different genomes and the genome ‘, represented by V‘ , contains
n‘ genes v‘1 through v‘n‘ . The straight lines connecting the genes across
the genomes represent the weighted similarity between them (dissimilar
genes are not connected by edges), while the species tree is
represented by the thick lines connecting the genomes. For visual
clarity, weights on the edges are not shown.

shown in Fig. 1, a multipartite graph considers the
similarity relationships between genes from different
genomes and ignores similarities between genes within a
genome. Furthermore, the multipartite graph representation is suitable for discriminating between recently and
anciently duplicated paralogs. Recently duplicated paralogs
are confined to a genome and are very similar in primary
sequence, so these copies share similarities to the same set
of genes in other genomes. On the other hand, anciently
duplicated paralogs are more similar to orthologs in other
genomes compared to paralogs within the genome. So, the
multipartite graph clustering, described below, places
recently duplicated genes in the same ortholog cluster and
the ancient paralogs in different clusters.
A challenge specific to ortholog detection in a large set of
genomes is the variation in observed sequence similarity
between orthologs from different pairs of genomes. Within
an ortholog family, orthologous sequences belonging to
anciently diverged genomes are relatively less similar in
comparison to those from the recently diverged genomes
[11]. So, automatic methods based on numerical measures
of sequence similarity must correct for this bias in observed
sequence similarities. This can be done by considering the
observed numerical similarity values in the context of the
species tree relating the species in the data. The species tree
can be used for rescaling the observed similarity values. In a
strict sense, the issue related to correction is more
complicated due to diverse evolutionary rates across
lineages and protein families [11]. Our intention is not to
correct for the absolute rates of evolution. To correct the
observed sequence similarity between a pair from two
genomes, we use the distance between corresponding
genomes (described later). This is based on the assumption
that the rate of primary sequence evolution is constant
within an ortholog family.

VASHIST ET AL.: ORTHOLOG CLUSTERING ON A MULTIPARTITE GRAPH

Most ortholog detection methods consider genomes as a
bag of genes and find ortholog clusters solely based on
sequence similarity [7], [8], [9]. However, the leverage
gained by using auxiliary information such as order of
genes in a genome is widely recognized [11]. In fact, studies
[12] show that the order of genes in the genome can reliably
determine the phylogenetic relationship between closely
related organisms. We describe later how the gene-order
information can be used in conjunction with the sequence
similarity to find ortholog clusters.

2.1 Ortholog Clusters on a Multipartite Graph
Consider the ortholog clustering problem with k genomes,
where V‘ , ‘ 2 f1; 2; . . . ; kg, represents the set of genes from
the genome ‘. Then, the similarity relationships between
genes from different genomes can be represented by an
undirected weighted multipartite graph G ¼ ðV ; E; W Þ,
where V ¼ [k‘¼1 V‘ and V‘ is the set of genes from the
genome ‘, and E  [‘ 6¼ jV‘  Vj (where ‘; j 2 f1; 2; . . . ; kg)
is the set of weighted, undirected edges representing
similarities between genes.
Since orthologs evolve from the same ancestral sequence
and perform the same function, we expect the primary
sequence similarity between sequences in an ortholog cluster
to be high. Then, the problem of finding an ortholog cluster
could be modeled as finding the maximum weight multipartite clique. However, no efficient procedure exists for
solving this problem [13]. Yet, cliques are simple models for
an ortholog cluster which require robust models that allow
some incompleteness in a subgraph extracted as a cluster.
Due to this, clusters are often modeled as quasi-cliques or
dense graphs [5]. Traditionally, the quasi-cliques are defined,
using a threshold, as a relaxation of a complete subgraph—the relaxation can be on the degree of a vertex [14]
or on the total number of edges in the quasi-clique [15]. In
contrast to traditional quasi-clique definitions, our definition
does not use any threshold parameters since it finds quasicliques based on the structure of the input graph.
To find a weighted multipartite quasi-clique as an
ortholog cluster, we assign a score F ðHÞ to any subset H
of V . The score function denotes a measure of proximity
among the genes in H. Then, our multipartite quasi-clique
(also called the maximizer or cluster), H  , is defined as the
subset with the largest score value, i.e.,
H  ¼ arg max F ðHÞ:
HV

ð1Þ

The subset H contains genes from multiple genomes, so,
according to (1), our approach finds an ortholog cluster as a
set of genes from multiple genomes by simultaneously
considering all the similarity relationships in H. This is
novel since, to our knowledge, all sequence similarity-based
methods, such as [7], [9], find an initial set of orthologs from
two genomes and possibly extend them at later stages. The
function F ðHÞ is designed using a linkage function ði; HÞ
which measures the degree of similarity of the gene i 2 H to
other genes in H. The function F ðHÞ is then defined as
F ðHÞ ¼ min ði; HÞ;
i2H

8i 2 H 8H  V :

ð2Þ
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In other words, F ðHÞ is the ði; HÞ value of the least
similar (outlier) gene in H. Then, according to (1), the
subset H  contains genes such that the similarity of the least
similar gene in H is maximum.
Our linkage function considers the sequence similarity
between genes within the ortholog cluster, their relationship to genes outside the cluster, and the phylogenetic
distance between the corresponding genomes. Consider a
subset H of V that contains genes from at least two genomes
so that H can be decomposed as H ¼ [ki¼1 Hi , where Hi is
the subset of genes from Vi present in H. If mij ð 0Þ is the
similarity value between gene i from genome gðiÞ and
gene j from another genome gðjÞ, and pðgðiÞ; gðjÞÞ represents the distance between the two genomes, then the
linkage function is defined as
9
8
=
<X
k
X
X
ð3Þ
pðgðiÞ; ‘Þ
mij 
mij :
ði; HÞ ¼
;
:j2H
‘¼1
j2V nH
‘6¼gðiÞ

‘

‘

‘

Given the phylogenetic tree for the genomes under
study, the distance, pðgðiÞ; gðjÞÞ ð 0Þ, between the genomes
is defined as the height of the subtree rooted at the last
common ancestor of the genomes gðiÞ and gðjÞ. This term is
used to correct the observed sequence similarities by
magnifying the sequence similarities corresponding to
genomes
which diverged in ancient times. The term
P
j2H‘ mij aggregates the similarity values between the
gene i from genome gðiÞ and all other genes in the subset H
that do not belong to genome gðiÞ, while the second term,
P
j2V‘ nH‘ mij , estimates how this gene is related to genes
from genome ‘ that are not included in H‘ . A large positive
difference between these two terms ensures that the gene i
is highly similar to genes in H‘ and, at the same time, very
dissimilar from genes not included in H‘ . From a clustering
point of view, this ensures large values of intracluster
homogeneity and intercluster heterogeneity for extracted
clusters. Translated to ortholog clustering, such a design
enables separation of ortholog clusters for anciently
duplicated paralogs.

3

MULTIPARTITE GRAPH CLUSTERING

We now give an algorithm to find the solution for the
combinatorial optimization problem defined in (1) and
study properties of the functions ði; HÞ and F ðHÞ which
guarantee an efficient algorithm to find the optimal
solution. The linkage function in (3) and the score function
in (2) were designed such that they satisfy these properties.
Definition 1. A linkage function,  : V  2V ! <, is monotone increasing if it satisfies the inequality:
ði; HÞ  ði; H1 Þ 8i; 8H1 ; 8H : i 2 H1  H  V :

ð4Þ

Claim 1. The linkage function ði; HÞ defined in (3) is monotone
increasing.
Proof. Observe that the distance pði; jÞ is merely a
scaling factor for the observed similarities and does
not impact the monotonicity. Consider the case
when H is extended to H [ fkg and assume k 2 Vs .
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If i 2 Vs , then ði; H [ fkgÞ ¼ ði; HÞ, otherwise
ði; H [ fkgÞ  ði; HÞ ¼ 2mik  0, which proves the
claim.
u
t
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TABLE 1
^
Pseudocode for Extracting H

Definition 2. A set function, F : 2V n ; ! <, is quasi-concave
if it satisfies
F ðH1 [ H2 Þ  minðF ðH1 Þ; F ðH2 ÞÞ

8H1 ; H2  V :

ð5Þ

Proposition 1. The set function F ðHÞ as defined in (2) is quasiconcave if and only if the linkage function is monotone
increasing.
Proof. ½)Let H1 ; H2  V and i 2 H1 [ H2 be such that
F ðH1 [ H2 Þ ¼ ði ; H1 [ H2 Þ. Suppose, i 2 H1 , then
using (4), we get
F ðH1 [ H2 Þ ¼ ði ; H1 [ H2 Þ  ði ; H1 Þ  min ði; H1 Þ
i2H1

¼ F ðH1 Þ  minðF ðH1 Þ; F ðH2 ÞÞ:
½( The proof is by contradiction. For
i 2 H1  H  V , assume that ði; H1 [ HÞ < ði; H1 Þ
and (5) hold. From the assumption, we get
mini2H1 ði; H1 [ HÞ < mini2H1 ði; H1 Þ ¼ F ðH1 Þ. Further,
F ðH1 [ HÞ ¼ min ði; H1 [ HÞ  min ði; H1 [ HÞ:
i2H1 [H

I2H1

Combining these two inequalities, we get
F ðH1 [ HÞ < F ðH1 Þ, which contradicts the quasi-concavity property (5) in the assumption.
u
t

This algorithm resembles the one for finding the largest
subgraph with the maximum minimum degree [16];
however, our formulation is very general and applies
whenever the function F ðHÞ is quasi-concave. Furthermore,
by designing an appropriate linkage function, various
structures in a graph can be obtained [17].
Theorem 1. The subset  output by the above algorithm is the
[-maximizer for F in the set V .

Proposition 2. For a quasi-concave set function F ðHÞ, the set of
all its maximizers, as defined by (2), is closed under the set
union operation.
Proof. The proof follows from the quasi-concavity of
F ðHÞ. Let H1 and H2 be two arbitrary maximizers; then
F ðH1 Þ ¼ F ðH2 Þ  F ðH1 [ H2 Þ. S i n c e F ðH1 Þ ¼ F ðH2 Þ,
minðF ðH1 Þ; F ðH2 ÞÞ ¼ F ðH1 Þ. Then, using (5), we get
F ðH1 [ H2 Þ ¼ minðF ðH1 Þ; F ðH2 ÞÞ ¼ F ðH1 Þ. Therefore,
H1 [ H2 is also a maximizer. The proof also holds when
we have more than two maximizers.
u
t
A maximizer of F ðHÞ that contains all other maximizers
^ It follows from Proposition 2
is called the [-maximizer, H.
^ is the unique largest maximizer.
that H
^ is described
The algorithm to find the optimal solution H
in Table 1. This iterative algorithm begins by calculating
F ðV Þ and the set M1 containing the subset of vertices that
satisfy F ðV Þ ¼ ði; V Þ, i.e., M1 ¼ fi 2 V : ði; V Þ ¼ F ðV Þg.
The vertices in the set M1 are removed from V to get
H2 ¼ V n M1 . At the iteration t, it considers the set Ht1 as
input, calculates F ðHt1 Þ, identifies the subset Mt such that
F ðHt1 Þ ¼ ðit ; Ht1 Þ; 8it 2 Mt , and removes this subset
from Ht1 to produce Ht ¼ Ht1 n Mt . The algorithm
terminates at the iteration T when HT ¼ ; or F ðHT Þ ¼ 0.
^ as the subset, Hj , with smallest j such that
It outputs H
F ðHj Þ  F ðH‘ Þ 8l 2 f1; 2; . . . ; T g. Thus, the algorithm finds
the largest optimal solution that includes all other optimal
solutions.

Proof. According to the algorithm, F ðÞ ¼ maxHI 2H F ðHI Þ,
where H ¼ fH1 ; H2 ; . . . ; HT g and
HT

...

H2

H1 ¼ V :

The proof for F ðÞ  F ðHÞ 8H  V is divided into two
cases: 1) H n  6¼ ; and 2) H  .
Case 1) ½H n  6¼ ;: Consider an arbitrary set H such
that H n  6¼ ; and let Hi be the smallest set in the
sequence H containing H so that H  Hi but H 6 Hiþ1 .
Since Mi ¼ HI n Hiþ1 , there is at least one element, say
iH , common to both Mi and H. By definition of F ðHi Þ, we
have
F ðHi Þ ¼ min ði; Hi Þ ¼ ði ; Hi Þ:
i2Hi

ð6Þ

By construction of Mi , i 2 Mi , so ði ; Hi Þ ¼ ðiH ; Hi Þ.
Using (4), we get
ði ; Hi Þ ¼ ðiH ; Hi Þ  ðiH ; HÞ  min ði; HÞ ¼ F ðHÞ: ð7Þ
i2H

Using (6) and (7) we obtain F ðHi Þ  F ðHÞ. According
to the algorithm, F ðÞ > F ðHi Þ; 8Hi , so we prove
F ðÞ < F ðHÞ; 8H n  6¼ ;:

ð8Þ

Case 2) ½H  : In analogy to the previous case, there
exists a smallest subset Hi in the sequence H that
includes H. So, the inequalities in (7) hold here too, and
we could write F ðHI Þ  F ðHÞ. On the other hand,
F ðÞ  F ðHi Þ, which, in conjunction with the previous
inequality, implies
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TABLE 2
Algorithm for Finding All Multipartite Clusters

F ðÞ  F ðHÞ; 8H  :

ð9Þ

Further, a maximizer satisfying (8) and (9) is the
[-maximizer.
u
t

3.1 Partitioning of Data Into Multipartite Clusters
The algorithm in Table 1 outputs one multipartite cluster.
However, many such clusters are likely to be present in
the set V . If we assume that these clusters are unrelated,
we can use a simple heuristic of iteratively applying the
above procedure to extract all these clusters. To do this,
^
we remove the elements belonging to the first cluster H
from V and extract another multipartite cluster in the set
^ This procedure is formalized in Table 2 and
V n H.
^ 2; . . . ; H
^ m g, of
^ 1; H
produces an ordered set, C ¼ fH
m ortholog clusters and a set of residual elements
R ¼ fi : i 2 V n Cg. The number, m, of nontrivial clusters
(ortholog clusters) is automatically determined by the
method. It must be remarked that every cluster in C
contains genes from at least two genomes and the clusters
in C are ordered according to their score values, i.e.,
^ 2 Þ > . . . > F ðH
^ m Þ.
^ 1 Þ > F ðH
F ðH
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vertex is deleted at most once; deleting a vertex entails
deletion of all the incident edges and updating the linkage
function values for all the neighboring vertices of the
deleted vertex. For the linkage function proposed in (3),
these updates can be carried out by subtracting the
contribution due to the deleted edge, the total number of
updates to the linkage function is bounded by the total
number of edge deletions, which is at most jEj. So, the
initial linkage function computation and all the subsequent
updates to it together can be OðjEjÞ time. In what follows,
the cost of calculating and updating the linkage function
values (the step indicated by (2) in Table 1) remains fixed
(OðjEjÞ) and, for calculating the overall efficiency of the
algorithm, we focus on other steps in the algorithm.
We now analyze a naive implementation of the
algorithm in Table 1. In this implementation, the costliest
operation is indicated by Step (1) in Table 1. At this step,
we find the vertices with the minimum value of the
linkage function; this can be done by looking at the
vertices active at that iteration. Since the total number of
vertices at any iteration i is at most jV j  i and the total
number of iterations is at most jV j (achieved when a single
vertex is deleted at each iteration), the total time required
for
values over all iterations is
PjV jfinding thePminimum
jV j
2
i¼1 ðjV j  iÞ ¼
i¼1 i ¼ jV jðjV j  1Þ=2 ¼ OðjV j Þ. At each
iteration, two stopping conditions are tested, which takes a
constant time, and some elements are removed from the set
H t . Since each element is removed only once, the time
required for executing Step (2) during all the iterations is
OðjV jÞ. Thus, the total time required for this straightforward
implementation is OðjEj þ jV j2 þ jV jÞ ¼ OðjEj þ jV j2 Þ.

4.2

Implementation Based on Efficient Data
Structures
As described in the algorithm in Table 1 and discussed
above, three abstract operations are performed at each
iteration of the algorithm. These are:
.

4

ANALYSIS

AND IMPLEMENTATION

We now analyze the algorithm given in Table 1. The
runtime of this algorithm depends on the efficiency of
evaluating the linkage function. Due to the frequent
updates to the linkage function value, a linkage function
which can be updated efficiently, instead of having to be
evaluated from scratch at each iteration, is preferable. The
linkage function described in (3) is additive and can be
updated efficiently when vertices are removed from the set.

4.1 Straightforward Implementation
During the initialization of the algorithm, we must compute
the linkage function for all the vertices in V . The linkage
function value for a single element i depends on the
weights on edges (from other elements) incident on it and
on the relationship of the partite set gðiÞ to other partite sets
in H. To compute the initial linkage function values for all
the vertices in V , we must look at all the edges in E and all
the relationships between the partite sets. We assume that
the number of partite sets k is very small compared to the
size of V , so the complexity of computing the initial linkage
function values is OðjEjÞ. At subsequent iterations, each

.

.

find-min: This corresponds to Step (1) of the
algorithm where Mt , the set of elements with the
minimum value of the linkage function, is
determined.
delete-min: This corresponds to the statement
Htþ1 ¼ Ht n Mt in the algorithm. It involves removing the elements in the set Mt to find the list of active
elements Htþ1 for the subsequent iteration.
decrease-key: Deleting the elements in the set M t
entails updating the linkage function values for the
neighbors of elements in the set M t . The total cost of
updating the linkage function values across all
iterations is OðjEjÞ and is already considered. This
operation applies only when we use certain data
structures for storing the linkage function values. In
such a case, this operation refers to the work
required to find the new position for elements
whose linkage function values are affected (decreased) in the data structure for storing the
elements according to their linkage function values.
In the straightforward implementation above, we
did not use any special data structures, so there was
no cost associated with this operation.
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Having decomposed the steps at each iteration into the
three basic operations described above, an efficient implementation strives to minimize the total time consumed
by these operations. We now give some data structure
choices that enable us to implement the algorithm in Table 1
efficiently. These choices and their corresponding complexities are stated in the theorem below.
Theorem 2. The algorithm, in Table 1, for finding an
ortholog cluster runs in time OðjEj þ jV j log jV jÞ and
space OðjEj þ jV jÞ.
Proof. Apart from initializing some values, the initialization
of the algorithm includes computing ði; V Þ 8i 2 V . To
compute ði; V Þ, we must look at all edges incident on i;
thus, computing ði; V Þ 8i 2 V takes OðjEjÞ time. At
subsequent iterations, due to the additive property of the
linkage function (3), efficient updates are possible without recomputing from scratch. As each edge is deleted
once, all linkage function updates (shown in Step (2) of
the algorithm) together require OðjEjÞ time.
The step marked as (1) involves determining the
set Mt by finding the vertices with minimum value of the
linkage function. Observe that, in a sparse multipartite
graph, only a few edges are deleted at each iteration,
implying that only a few linkage function values are
updated. Consequently, the order of vertices determined
by the linkage function values remains approximately
fixed. We use Fibonacci heaps [18] (which work
regardless of the sparsity in the input graph) to store
vertices according to their linkage function values. So,
elements in the set Mt can be found in Oð1Þ time using
the find-min operation. In Step (2), the set Htþ1 ¼
Ht n Mt can be found in Oðlog jHt jÞ time using the
delete-min operation and each update to a linkage
function value can be performed in Oð1Þ using the
decrease-key operation. Thus, using Fibonacci heaps,
each iteration takes Oðlog jHt jÞ time. The maximum
number of iteration is jV j and each iteration takes at
most Oðlog jV jÞ. Thus, the algorithm runs in OðjEj þ
jV j log jV jÞ time. Using the adjacency list representation
for storing the graph requires OðjEj þ jV jÞ space. As the
Fibonacci heaps for storing jV j elements can be implemented in OðjV jÞ space, the total space requirement
for the algorithm is OðjEj þ jV jÞ.
u
t
Theorem 3. If the values in the similarity matrix are discretized
into b different but constant values, the algorithm runs in
OðjEj þ jV jÞ time.
Proof. The initialization step, as in Theorem 2, takes
OðjEjÞ time.
To reduce the time complexity of subsequent iterations, we sort and store the vertices in the order of the
initial linkage function values, ði; V Þ. We assume that
the graph is represented in the adjacency list format and
sort the vertices using the bucket sort algorithm [19].
Within each bucket, the vertices are stored using a linked
list to accommodate multiple vertices with the same
value. The edge weights can take b different values, so
the initial linkage function values are bounded, i.e.,
0  ði; V Þ  b jV j. So, sorting the jV j values of ði; V Þ
takes OðjV jÞ time.
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At each iteration, the algorithm finds the vertex with
minimum value of the linkage function. This takes
Oð1Þ time as vertices are sorted according to the linkage
function values. Deletion of a vertex entails updates to
the linkage function values for the neighboring vertices.
The cost for updating linkage function values is already
considered, but, to preserve the sorted order of vertices,
we must find the new place for each updated vertex.
Since the edge weights are discretized, the new place
must lie at most b bins away from the current position
(towards the minimum). Thus, the new place is found in
at most b, or Oð1Þ time. Every iteration requires Oð1Þ time
and, since the number of iterations is at most jV j, the
total time is bounded by OðjV jÞ. Combining this with the
total cost for computing the linkage function values, the
runtime of the algorithm is OðjEj þ jV jÞ.
u
t
As a result of Theorem 2, the procedure for finding all
the m ortholog clusters runs in time OðmðjEj þ jV jÞÞ. We
now give some implementation details which do not
improve the complexity of the algorithm but enable a
speedup in practice.
Vertices in different connected components of a graph
cannot come together to form a cluster. So, different
connected components can be processed in isolation.
Furthermore, the input multipartite graph between genes
is large but very sparse, so, when a dense subgraph is
extracted as the optimal solution, the remaining graph
becomes disconnected. As a consequence, in practice, a
significant speedup is achieved when the procedure in
Table 2 is run on individual connected components after
extraction of an ortholog cluster. Also, finding an optimal
solution in different connected components is amenable to
parallelism.
The algorithm in Table 1 removes the vertices corresponding to the minimum of the linkage function. If,
however, we could remove a larger set of vertices without
affecting the correctness of the procedure, the algorithm
would be faster as more vertices would be removed at each
iteration. The following theorem determines such elements:
Theorem 4. Define Q ¼ fi 2 V : ði; V Þ < ;  > 0g and let
^V nQ be the [-maximizer in the set V n Q, and H
^ be the
H
[-maximizer in the set V . Then,
^V nQ Þ >  ) H
^V nQ ¼ H:
^
F ðH

ð10Þ

^  V n Q.
^V nQ Þ >  ) H
Proof. We first prove that F ðH
^V nQ , obtained from V n Q (a
The score-value of H
^
subset of V ) can be at most the score-value of H
^  F ðH
^V nQ Þ > . Then,
obtained from V , i.e., F ðHÞ
^ ði; HÞ
^ > .
using (2), it follows that 8i 2 H;
Further, by the monotonicity property, we get
^ > . But, according to the definiði; V Þ  ði; HÞ
tion of Q, ði; V Þ >  ) i 2 V n Q. This proves that
^ i 2 V n Q; in other words, H
^  V n Q. But,
8i 2 H;
by the definition of [-maximizer, we have
^V nQ Þ  F ðHÞ.
^
^V nQ Þ  F ðHÞ 8H  V n Q, i.e., F ðH
F ðH
^  F ðH
^V nQ Þ, s o
B u t , w e a l r e a d y h a d F ðHÞ
^
^V nQ Þ ¼ F ðHÞ.
Further, the uniqueness of
F ðH
^
^V nQ ¼ H.
u
t
[-maximizer implies H
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TABLE 3
Distribution of Sequences in the KOGs

Fig. 2. Implication of Theorem 4: It guarantees that the optimal solution
found in the smaller set V n Q is exactly the same as the one that would
be found in V and thus saves computational time.

According to Theorem 4, we can remove all vertices
whose linkage function values are less than the current
estimate of the score value of the [-maximizer (see Fig. 2).
In the algorithm described in Table 1, F ðÞ is the current
^ so we can remove all vertices,
estimate of the F ðHÞ,
Mt ¼ fi : ði; Ht Þ < F ðÞg [ fi : ði; Ht Þ ¼ minj2Ht ðj; Ht Þg.
This reduces the number of iterations as more vertices are
likely to be removed at each iteration. Unfortunately, this
does not improve the worst-case complexity of the algorithm—it is easy to come up with instances where this
modification does not lead to improvements.
Theorem 4 can also improve the runtime of the
procedure given in Table 2. This procedure, at iteration t,
^ t , removes this optimal
finds a cluster as the optimal set H
set from the current set to produce a resulting set,
^ t , in which the optimal set, H
^ tþ1 is found at
V tþ1 ¼ V t n H
the next iteration t þ 1. For the ortholog clustering, we
^ t Þ  0:8, so we apply
^ tþ1 Þ=F ðH
empirically found that F ðH
t
^ tþ1 . Such
^
Theorem 4 with  ¼ 0:8  F ðH Þ for finding H
preprocessing removes more than 95 percent of vertices that
do not belong to the optimal set and thus leads to significant
performance gains.

5

DATA

FOR

ORTHOLOG CLUSTERING

We have used two types of data. The first is the input data
for ortholog clustering, which contains a set of protein
sequences from multiple genomes and the species tree
relating those species. The input sequence data is used for
constructing the multipartite graph between the sequences,
while the species tree is used for specifying the relationships between the partite sets. The second type of data is
comprised of functional annotations for sequences in the
input data—these annotations are used exclusively for
validating the ortholog clusters from a protein function
perspective.

5.1 Data
For the input sequence data, we have used the protein
sequences from complete genomes of seven eukaryotes
present in the eukaryotic orthologous groups , or KOG
[8]. This database is publicly accessible at the URL:
http://www.ncbi.nlm.nih.gov/COG/new/. We chose this
data because expert curated ortholog clusters are available on this data; we treat these known ortholog clusters
(called KOGs) as a “gold-standard” for validating
ortholog clusters obtained by our method. Furthermore,
the number of genomes and the sequences in them is

large enough to make a case for automatic and large scale
ortholog clustering—a problem we want to address.
The KOG database is constructed from 112,920 sequences
present in the seven eukaryotic genomes: Arabidopsis thaliana,
Caenorhabditis elegans, Drosophila melanogaster, Encephalitozoon
cuniculi, Homo sapiens, Saccharomyces cerevisiae, and Schizosaccharomyces pombe. There are 4,852 KOGs containing
60,759 sequences from a total of 112,920 sequences present
in the seven eukaryotic genomes. A sequence distribution
for these seven genomes is shown in Table 3. By
construction, every KOG consists of sequences from at least
three different species. Although most KOGs are small
(3,372 KOGs contain 10 or fewer sequences), their size
ranges from 3 to 1,300. A distribution of the size of KOGs
and the number of species in KOGs is shown in Figs. 4 and
5, respectively.
The species tree relating the seven species in our input
data was derived from the NCBI taxonomy browser located
at http://www.ncbi.nlm.nih.gov/taxonomy/tax.html/ and
is shown in Fig. 3.

5.2 Constructing the Multipartite Graph
To apply the proposed ortholog clustering method, we must
compute the pairwise sequence similarities between the
input sequences. Fortunately, precomputed pairwise sequence comparison results using the blastp program from
the BLAST [20] suit are available from the KOG server; we
used these sequence comparison results. BLAST provides
two measures of pairwise sequence similarity: the e-value
and the bit-score (also called the Z-score). We used e-value as
a threshold for filtering out spurious matches; however, for
constructing the multipartite graph of similarities between
the sequences, we used bit-score as the similarity weight.1
Due to the nature of BLAST searches, it is possible to obtain
asymmetrical scores during pairwise sequence comparison,
i.e., the similarity wij between sequences i and j may not be
equal to the value wji , the similarity between j and i. Since our
multipartite graph is undirected, we forced the weights to be
symmetric by using wij ¼ wji ¼ maxðwij ; wji Þ. We ignored
similarities between sequences inside genomes and our
multipartite graph was a 7-partite graph, with a partite set
corresponding to each of the seven species.
As discussed earlier, in Section 2, one of the central
issues in ortholog clustering is to avoid paralogs. We have
1. We have also used d log10 e-valuee as an integer similarity weight, but
our experimental results using the bit score were better. The comparison of
these results is not reported and we present results using the bit score as the
measure of similarity weight.
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Fig. 3. The species tree relating A. thaliana, C. elegans,
D. melanogaster, E. cuniculi, H. sapiens, S. cerevisiae, and S. pombe.

done this by ignoring the sequence similarities within
genomes, so recently duplicated paralogs confined to single
genomes are avoided. For avoiding the paralogs present
across genomes, we considered only a subset of top hits for
any given sequence. Since orthologs are highly likely to
perform the same function in their respective genomes, they
are likely to be more similar compared to paralogs which
tend to diverge in function and sequence. We incorporated
this in the multipartite graph of pairwise sequence similarities by limiting the similarity edges from a sequence in a
sequence-specific and species-specific manner. To be precise, if a sequence i in genome gðiÞ has the sequence j as its
best match in genome gðjÞ with score , we considered all
those matches for i from species gðjÞ which had a bit score
larger than 0:5. We have experimented with different
thresholds ranging from 0:5 to 0:8, and found that
clustering results do not change significantly for this range,
so we fixed this threshold to a conservative value of 0:5.
The idea behind this is to avoid low-scoring spurious hits
(which would most likely be paralogs) without filtering out
potential orthologs [6].
The topology of the species tree, shown in Fig. 3, was
used for estimating the distance between the genomes. The
distance pð‘; mÞ between the genome ‘ and the genome m
was taken as the height of the subtree rooted at the most
recent ancestor of ‘ and m. For instance, the distance
between S. cerevisiae and E. cuniculi is 2 and that between
A. thaliana and H. sapiens is 4.

5.3 Data for Validating Ortholog Clusters
The primary validation test for the extracted ortholog
clusters is comparing them to the existing KOG ortholog
clusters. For every sequence in the input data, we have

Fig. 4. A comparison of distribution of sizes KOGs and our ortholog
clusters.

Fig. 5. A comparison of distribution of organisms (genomes) in KOGs
and our ortholog clusters.

information about its membership in a KOG cluster, so a
validation of our results can be based on comparing the two
clustering results.
We have also used an independent validation for
assessing the homogeneity of ortholog clusters. This
validation is based on the functional annotations for protein
sequences. Since orthologs are likely to be involved in the
same (or similar) function, they are likely to share the same
functional annotation, so an assessment of homogeneity of
ortholog clusters can be based on comparing the functional
annotations for the member sequences. However, we must
emphasize that, although we expect orthologs to share the
same function, the similarity in functional annotation for
protein sequences from different species does not imply
orthology (paralogs from different species can have the
same functional annotation). Another issue in such a
validation is related to multidomain proteins (different
fragments of protein sequence independently capable of
performing a biological role), where different domains of
the sequence can have different functional annotations. For
pairs of multidomain orthologous sequences, we expect
both sequences to have the same set of functional annotations and the different domains must appear in the same
order in both the sequences.
For assigning the functional annotations, we selected the
Pfam (Protein Families) database [21], [22], which is a
popular and trusted resource for functional annotations due
to its expert curation of results from state-of-the-art
automatic methods. This database, available at http://
www.sanger.ac.uk/Software/Pfam/, contains multiple
protein alignments and the seed sequences used for
constructing these alignments. To be precise, we used the
Pfam-A sequence families, which are families based on
expert curated multiple alignments of sequences from
SWISSPROT and TrEMBL [23]. These are strongly trusted
matches to the family and are very unlikely to be false
matches. We have used the families and sequences from
Pfam-A release 12.0, containing 898,590 domain sequences
divided into 7,316 Pfam functional families.
While assessing the homogeneity of clusters using Pfam
annotations, sequences were assigned the Pfam family IDs
of their “close” match(es) in the Pfam database. These
matches were found through BLAST comparisons of the
input sequences with those in Pfam-A. Apart from using an
e-value threshold e4 and filtering out the low-complexity
regions (using SEG [24]) and coil-coil regions (using the
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filter [25]) by using the option -F “C;S”, BLAST (blastp)
was used with its default parameters.

6

EXPERIMENTAL RESULTS

Our method produced 36,034 clusters including 25,434
singletons, 2,870 clusters of size 2, and 7,830 clusters that
contain at least three sequences. A comparative distribution
of size and the number of organisms in our clusters and the
KOGs is shown in Fig. 4 and Fig. 5, respectively. In
comparison to KOGs, our ortholog clusters are relatively
smaller in size and contain sequences from fewer genomes.
A KOG cluster, by construction, contains sequences from
at least three genomes, so, for the purpose of comparison, we
divided the 7,830 clusters with at least three sequences into
1,488 clusters containing sequences from two genomes and
6,342 ortholog clusters that contain sequences from at least
three genomes. The 6,342 clusters contain 61,272 sequences of
which 47,458 are common with the 60,759 sequences in the
KOG ortholog clusters. Of the 13,301 sequences from
KOGs that are not covered by these clusters, 9,078 sequences are grouped into 1,566 clusters that contain
sequences from at most two genomes while the remaining
are classified as singletons. In comparison to KOGs, our
clusters contain fewer paralogs—a desirable feature
obtained by ignoring similarities between genes within a
genome. Although desirable from an ortholog clustering
perspective, this also means that our ortholog clusters are
smaller in size as the method avoids detection of paralogs
in an ortholog cluster. This is consistent with the
distribution of sizes (Fig. 4) and the following statistical
comparison.
To estimate the association between KOGs and our
ortholog clusters, we calculated several statistical parameters. When testing whether KOGs and our clusters are
related, we obtained a value of 0 for the 2 -coefficient [26]
suggesting a correlation between the two clustering results.
However, this coefficient fails to provide an insight into the
degree of association, so we used a normalized version of
this coefficient, the Cramer’s V-coefficient [26]. This coefficient lies between 0 and 1 and can be interpreted as the
association between the two results as a percentage of their
maximal possible variation. For our comparison, we
obtained a value of 0.749. Considering the large number
of clusters, this coefficient suggests a strong correlation
between the two clusterings. We used the Rand index [27]
to directly quantify the relatedness of the two clusterings.
This index involves counting the number of agreements
between the two classifications based on how each pair of
elements from the underlying set is assigned to clusters by
the two classification schemes. We obtained a value of 0.792
for this index, which implies that about 80 percent of all
pairs of sequences in our clustering results agree with
ortholog clusters in KOG.
For bringing out the relationship between individual
clusters from our clustering and KOG clustering, we
designed some indices for measuring the overlap between
clusters. The average number of KOGs that overlap with an
ortholog cluster is 1.031, which indicates that most of our
clusters contain sequences from a single KOG. Conversely,
the average number of candidate clusters that overlap with
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a KOG is 3.012. However, in most cases, a KOG completely
contains our clusters, which suggests that our clusters are
homogeneous with respect to the KOGs. These statistics,
along with the size distribution, confirm our qualitative
observation that our ortholog clusters are usually subsets of
single KOGs.
A set-theoretic comparison of KOGs with our clusters
shows that 844 KOGs (or 13 percent of all KOGs) exactly
match our clusters. There are 611 KOGs that are divided
exactly into two clusters, each of which is a subset of the
corresponding KOG. Carrying this analysis further, we
found that 2,472 KOGs (51 percent of all KOGs) can be
partitioned into our clusters, each of which is a subset of a
single KOG. In other words, those clusters totally contained
in a single KOG. The remaining 2,380 KOGs overlap with at
least one mixed ortholog cluster, i.e., a cluster that either
contains sequences from multiple KOGs or contains some
sequences that do not belong to any KOG.
For further exploring the above results, we assessed the
homogeneity of our clusters by examining the KOG
membership and Pfam annotations of sequences in our
clusters. Among the 6,342 clusters produced by our method,
most (4,485 or 70 percent) are subsets of single KOGs. The
remaining 1,857 clusters, however, contain sequences from
multiple KOGs. To assess the conservation between
sequences of the these 1,857 clusters, we examined the
Pfam annotations for their member sequences. We found
that all members in 952 of these clusters were annotated
with the same set of Pfam families. There were 436 clusters
whose member sequences did not have any Pfam annotations. These sequences do not have any close match in the
known Pfam families. The remaining 469 clusters (or
7 percent of all clusters) were not homogeneous according
to Pfam annotations as some of their member sequences did
not share the same Pfam annotation. However, it must be
remarked that most of these clusters were obtained toward
the final iterations of the clustering method described in
^ values.
Table 2 and, therefore, had very low score ðF ðHÞÞ
Since these clusters can be identified by their scores, they
can be eliminated by using a threshold on the score value
for the clusters. In summary, the statistical coefficients and
the set-theoretic comparison of our clusters with the
manually curated ortholog clusters in KOG shows the two
clusterings to be highly correlated.

7

CONCLUSION

We have modeled the problem of finding orthologous
clusters in a large number of genomes as clustering on a
multipartite graph. The proposed method is efficient and
finds an ortholog cluster in time OðjEj þ jV j log jV jÞ. To
further speed up the method, we presented implementation
choices that lead to significant performance gains in
practice. The proposed ortholog clustering method was
applied to the seven eukaryote genomes on which KOG
ortholog clusters are constructed. The analysis of the results
shows that clusters obtained using the proposed method
show a high degree of correlation with the manually
curated ortholog clusters.
This method extracts an ortholog cluster by ignoring
similarities between genes within a genome while
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emphasizing orthologous relationships between genes
from different genomes. Since the observed sequence
similarity scores are higher for recently diverged orthologs compared to those for the anciently diverged
orthologs, we used the species tree to correct for these
differences (3).
Corrections to observed sequence similarity using
phylogenetic trees assume the correctness of the given
phylogenetic tree. However, there are instances when
multiple hypotheses about the phylogenetic relationship
between a group of organisms exist; in such cases, the
confidence in those hypotheses is low. We hope that the
proposed method can be modified to resolve such conflicts
by constructing the gene tree for each ortholog cluster and
deriving support for the species tree(s) from these gene
trees [28]. When the phylogenetic information is controversial, an iterative process of finding ortholog clusters can
resolve the ambiguities in the phylogenetic tree.
Apart from considering the sequence similarity in the
context of the species tree, the order in which genes appear
in their genomes is also considered important. Recently, the
gene order has been used to find ortholog clusters in a pair
of genomes [29]. The conserved gene order (or synteny)
between a pair of genomes can be inferred using programs
like DiagHunter [29]. This additional information about the
orthologous relationships could also be incorporated into
our method. A simple solution to do this would be locking
together the similar genes, appearing in a conserved gene
order, as orthologs. Alternatively, it is possible to create a
new similarity coefficient between genes i and j which
belong to different genomes but are conserved in gene order
as determined by methods such as DiagHunter. Then, we
can design a new linkage function
0
1
k
BX X C
ð11Þ
eij A;
0 ði; HÞ ¼ ði; HÞ@
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where ði; HÞ is the linkage function defined in (3). The first
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information by designing new linkage functions as long
as they are monotonically increasing.
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