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Abstract: - The clustering problem as a problem of set function optimization with constraints is considered. 
The behavior of quasi-concave functions on antimatroids and on convex geometries is investigated. The 
duality of these two set function optimizations is proved. The greedy type Chain algorithm, which allows to 
find an optimal cluster, both as the �most distant� group on antimatroids and as a dense cluster on convex 
geometries, is described.  
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1   Introduction 
In this paper we consider the problem of clustering 
on antimatroids and on convex geometries. There 
are two approaches to clustering. In the first one we 
try to find extreme dense clusters (either as a 
partition of the considered set of objects into 
homogeneous groups, or as a single tight set of 
objects). The second approach finds a cluster which 
is the �most distant� from its complementary subset 
in the whole set (as in the single linkage clustering 
method) without a control how close are objects 
within a cluster. The problem of density (in the first 
approach) or isolation (in the second approach) of a 
subset may be formalized in terms of a set function - 
the function that its values score the subsets 
according to their tightness or to distant relations 
with their complementary subsets. 
      Usually, in cluster analysis each subset may be 
referred as a cluster. However, in last years the 
problem to find clusters as optimization problem 
with constraints became actual, particularly in 
scientific database mining, where objects have 
complex structure. In those cases their similarity 
measurement requires to consider the problem from 
multi-criteria perspectives. For instance, if one 
considers transportation problems in a large city and 
wants to apply clustering technique, she or he has to 
take into account at least two criteria: a population 
flow density along transportation lines and a 
capacity of all types of transports along the lines. In 
this paper we also consider restricted situations for 

clustering. We found that such situations can be 
characterized as constructively defined families of 
subsets, such that only elements from these families 
can be considered as feasible clusters. For example, 
let us consider a boolean matrix of data in which 
variables (columns of matrix) are divided into 
several groups. Variables, belonging to one group, 
are ordered. In this case every group of variables can 
be interpreted as a complex variable which represent 
an ordinal scale for some property: value 1  of the 
first (according to the order) boolean variable means 
that an object represents the corresponding property 
on very general level, 1 for the second variable 
means that the object represents the property on 
more specific level, etc.  Thus the value 1 of a 
boolean variable with rank �k� in its group means 
that all previous variables of the group also have this 
value 1. In other words, it is an ordinal data matrix. 
The problem is to find an extreme in this ordinal 
data which represents a group of points, that are 
smaller (according to the ordinal vector comparison) 
than the choosen extreme. It is obviously that this 
case can be generalized on a common ordinal data. 
If one interprets ordinal scales as criteria for a 
particular multicriteria evaluation then he can 
interpret the above cluster as the best choice 
solution.  
    Thus the cluster problem can be formulated as 
follows: for a given set system over E, i.e. for a pair 
(E,S) where S ⊆  2E is a family of feasible subsets of 
finite E, and for a given function F : S→R , find 



elements of S for which the value of the function F 
is maximal. In general, this optimization problem is 
NP-hard, but for some specific function and for 
some specific set systems polynomial algorithms are 
known. The well-known examples are modular cost 
functions that can be optimized over matroids by 
using polynomial greedy algorithm [2] and 
bottleneck function that can be maximized over 
greedoids [5]. The other example is set function 
defined as the minimum value of monotone linkage 
functions. Such set function can be maximized by a 
greedy type algorithm over a family of all subsets of 
E [4,7] and over antimatroids [3]. In this paper we 
refine our results obtained for antimatroids and 
extend them to convex geometries. 
      In Section 2 some basic information about 
convex geometries and antimatroids are listed. 
Section 3 gives a brief introduction to the 
optimization of quasi-concave functions and 
investigates the optimization problem on 
antimatroids. In Section 4 the optimization problem 
is considered on convex geometries and duality of 
two problems are established.   
 
 
2   Preliminaries 
Let E be a finite set. A set system over E is a pair  
(E,S) where S ⊆  2E is a family of feasible subsets of 
E, called feasible sets. We will use X ∪  x for X∪ {x} 
and X � x for X � {x}. 
 
Definition 2.1 A closure operator, τ : 2E →2E, is a 
map satisfying the closure axioms: 
   C1: X ⊆  τ(X) 
   C2: X ⊆  Y ⇒ τ(X) ⊆  τ(Y) 
   C3: τ(τ(X)) = τ(X) 
      
     A set X is said to be closed if τ(X) = X. The pair 
(E,τ) is called a closure space. 
     To obtain an equivalent definition consider a set 
system (E,S)  such that  
(i) E ∈  S 
(ii) X,Y ∈  S ⇒ X ∩ Y ∈  S 
     Then the operator  
(1)                 τ(A) = ∩ {X : A ⊆  X and X  ∈  S } 
is a closure operator. 
    A set system ),( SE  satisfying (i) and (ii) with 
closure operator τ defined in (1) is an equivalent 
axiomatization of closure space [5]. 
 
 

Definition 2.2 A closure space is called a convex 
geometry if the following anti-exchange property is 
satisfied: 
 if y,z ∉  τ(X)  then z ∈  τ(X∪ y)  implies y ∉  τ(X∪ z) 
 
     We call an element x ∈  A an extreme point of A 
if x∉ τ(A � x). For a convex set X, i.e. for a set from 
a convex geometry (E,S), this is equivalent to X�
x∈ S. The set of extreme points of A is denoted 
ex(A). 
     Consider another set system. 
 
Definition 2.3 A nonempty set system (E,H) is an 
antimatroid if  
(A1) for each nonempty X∈ H there is an x∈ X such 
that X � x ∈  H 
(A2) for all X,Y ∈  H, and X ⊄  Y, there exists an x ∈  
X � Y  such that Y ∪  x ∈  H 
      
     Any set system satisfying (A1) is called 
accessible. 
     Another antimatroid definition is based on the 
following property: 
 
Definition 2.4 A set system (E,H) has the interval 
property without upper bounds if for all X,Y ∈  H 
with X ⊆  Y and for all x ∈  E � Y , X ∪  x ∈  H 
implies Y ∪  x ∈  H. 
 
Theorem 2.1 [1,5] For an accessible set system 
(E,H) the following statements are equivalent: 
(i) (E,H) is an antimatroid 
(ii) H is closed under union 
(iii) (E,H) satisfies the interval property without 

upper bounds 
 
     A maximal feasible subset of set X  ⊆  E is called 
a basis of X, and is denoted by BX . Clearly, (by 
(ii)), there is only one basis for each set. 
     Now consider the Theorem that establishes 
duality between two structures. 
 
Theorem 2.2 [5] A set system (E,H) is an 
antimatroid if and only if (E,S) is a convex 
geometry, where S = { E � X : X ∈  H }. 
 
     As an immediate consequence we have 
(2)           τ(E � X) = E � B X  
     For a set  X ∈  H, let  
                  Γ(X) ={x ∈  E � X : X ∪  x ∈  H}  
be the set of feasible continuations of X , then  
(3)            Γ(X) = ex(E � X ) 
 

  



3 Quasi-concave functions and        
     antimatroids 
In this section we consider set functions defined as 
the minimum value of monotone linkage functions. 
Such set functions can be maximized by a greedy 
type algorithm over a family of all subsets of E [10] 
and over antimatroids [3]. Here we detail the 
behavior of these functions defined on antimatroids 
in order to use them for clustering. 
     We consider the problem to find a cluster which 
is �most distant� from its complementary subset in 
the whole considered set. To define a distance 
between the subset and rest objects, the concept of 
an element-to-set linkage function can be used. A 
linkage function π(x,X) measures a distance between  
subset X and element x. The well-known example is 
the single linkage function xyXy

dXx
∈

= min),(π   

which is defined in terms of pair-wise distances dxy. 
As another example consider a data table A = (xik) 
where xik is a value of variable k∈ K for entity i∈ E. 
A linkage function can be defined as 
           −=∑

∈ ∈Kk
jkikXj

xxXi ||min),(π                 

     An important feature of these examples is the 
monotonicity of linkage functions. The monotone 
linkage functions were introduced by Mullat [9].  
 
Definition 3.1 A function π : E × 2E → R is a 
monotone linkage function if for all X,Y ⊆  E and 
x∈ E 
(4)            X ⊆ Y implies π(x,X) ≥ π(x,Y) 
 
     Consider F : 2E → R defined for each X  ⊂  E 
           ),(min)( XxXF

XEx
π

−∈
=   

This function may be considered as the function that 
measures �isolation� of the subset X, i.e. it measures 
how this subset is distant from rest objects. Hence a 
subset maximizing this set function can be referred 
as a cluster. 
      It was shown [6], that the function F satisfies the 
next condition: 
   for each X,Y ⊂  E , F(X ∩ Y) ≥ min {F(X), F(Y)} 
Such functions are called quasi-concave set 
functions. These functions were studied in [10,4]. In 
particular, the simple polynomial algorithm which 
finds the minimal set X ⊂  E such that  
                   F(X) = max{F(Y) : Y ⊂  E} 
was developed and used for incomplete clustering 
constructor [10].  
     In this section we extend our results to 
antimatroids. For this purpose we define a new 
function specified for antimatroids: 

                    ),(min)(
)(

XxXF
XxH π

Γ∈
=   

and if  Γ(X) = ∅  , then  FH (X) = - ∞. 
     It should be mentioned, that an antimatroid (E,H) 
has one and only one maximal feasible set,  
EH = ∪ X∈ H X. Thus, for each feasible set X ∈  H - EH    
the continuation Γ(X) is not-empty, i.e., FH is well 
defined on H - EH for any antimatroid (E,H). 
       Additional notation is that the feasible sets H of 
an antimatroid (E,H), ordered by inclusion, form a 
lattice LH , with lattice operations:  

        YXBYXYXYX ∩=∧∪=∨ ,  
  
Theorem 3.1. If a set system (E,H) is an 
antimatroid, then the function FH is a quasi-concave 
function on LH , i.e., 
 for each X,Y ∈ H , FH(X ∧  Y) ≥ min {FH(X), FH(Y)} 
 
Proof. The case X ∧  Y = EH  is trivial, then assume 
that X ∧  Y ∈  H - EH , i.e., 
                ),(min)(

)(
YXxYXF

YXxH ∧=∧
∧Γ∈

π . 

 Let FH(X ∧  Y) = π(x0, X ∧  Y), where x0∈Γ (X ∧  Y). 
Hence, x0∈ E � (X∩Y), since Γ (BX ) ⊆  E � X. 
Indeed, suppose that x ∈  Γ  (BX ) and x ∈ X, then 
BX∪ x ⊆  X  and BX∪ x ∈  H. Thus BX∪ x is also a 
basis, a contradiction. 
     Assume, without loss of generality, that x0∈ E �X. 
Hence, we have x0∈ E �X , and X ∧  Y ⊆  X, and  
x0∈ Γ (X ∧  Y ), so from the interval property without 
upper bounds follows that x0∈ Γ (X ). Then 

)}(),(min{)(),(min
),(),()(

)(

00

YFXFXFXx
XxYXxYXF

HHHXx

H
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≥≥∧=∧

Γ∈
π
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■ 
     Consider the following optimization problem - 
given a monotone linkage function π and a set 
system (E,H), find the feasible set X ∈  H such that 
FH(X) = max{FH(Y) : Y ∈  H}. From Theorem 3.1 it 
follows that the set of the optimization problem 
solutions is a meet-semilattice with unique minimal 
element. To find this minimal element we use the 
following algorithm [3]: 
 
The Chain Algorithm ( E, H, π ) 
1. X := ∅  
2. X0 := ∅  
3. While Γ (X) ≠ ∅  do 
     3.1  if FH (X) > FH (X0) , X0 :=X 
     3.2  choose x∈Γ  (X) such that π (x,X ) ≤π (y,X ) 
             for all y∈Γ  (X) 
     3.3  X := X ∪  x 
4. Return X0 



     Thus, the algorithm generates a chain of sets  
∅  = X0 ⊂  X1 ⊂ � ⊂  Xk , where Xi = Xi-1 ∪  xi and 
xi∈ Γ (Xi-1), and returns the minimal set X0 of the 
chain on which the value FH (X0)  is maximal. 
  
Theorem 3.2 Let a set system (E,H) be an 
antimatroid, then for all monotone linkage function 
π the Chain Algorithm finds a minimal feasible set 
that maximizes the function FH . 
 
Proof. Let X0 be a set obtained by the Chain 
Algorithm. To prove that X0 is a minimal feasible set 
that maximizes FH, we have to prove two 
statements: 
(i) FH( X ) < FH( X0 ) for each X ∈  H and X 0 ⊄  X 
Let ∅  = X0 ⊂  X1 ⊂ � ⊂  Xk be the chain generated by 
the Chain Algorithm. Let j be the least integer for 
which Xj ⊄  X. Then Xj-1 ⊆  X, xj ∉  X and Xj-1 ∪  xj ∈ H, 
that implies (from the interval property without 
upper bounds) xj∈ Γ (X ). Hence 
 (5)      FH(X ) ≤ π(xj, X ) ≤ π(xj, Xj-1 ) = FH( Xj-1 ) 
Since X 0⊄  X we have Xj-1 ⊂  X 0, so FH(Xj-1)<FH( X0 ) 
(ii) FH( X ) ≤ FH( X0 ) for each X ∈  H and X 0 ⊆  X 
If X = EH  or X = Xk the statement is obviously, 
otherwise, by analogy with previous case, we obtain 
(5), but now FH(Xj-1) ≤ FH(X0), because it is possible 
that X 0 ⊆  Xj-1. 
■ 
 
     The Chain Algorithm is a greedy type algorithm 
since it based on the best choice principle: it chooses 
on each step the extreme element (in sense of 
linkage function) and thus approaches the optimal 
solution. Let P is the maximum complexity of π 
computation, then the Chain Algorithm finds the 
minimal set that maximizes the function FH  in  
O(P|E|2)  time. 
      Notice, that a quasi-concave function determines 
on an antimatroid (E,H) the special structure. It has 
been already noted that the family of feasible sets 
maximizing the function FH is a meet-semilattice 
with unique minimal element. Denote this family by 
T0 and let a0 will be the value of the function FH on 
the sets from T0. The family of sets, that maximize 
the function FH over H - T0, we will denote by T1 
and by a1 will be denoted the value of the function 
FH on these sets. Continuing this process we have  

U
t

i

iTH
0=

= . It is easy to see that U
j

i

i
j TL

0=

=  is a 

subsemilattice of H, where 
})(:{ j

Hj aXFHXL ≥∈= . We will call these 
subsemilattices by level semilattices.  

Denote by Kj the minimal element (null) of level 
semilattice Lj. Since Lj ⊆  Lj+1, we obtain K0 ⊇  ...⊇  
Kt.  
 
Theorem 3.3. Let ∅  = A0 ⊆  ... ⊆  Ap  be a chain of 
sets that were stored as local optimal subsets X 0 in 
the Chain Algorithm running on an antimatroid 
(E,H) , then this chain coincides with the chain of 
level semilattice nulls K0 ⊇  ...⊇  Kt. 
 
Proof. From the algorithm construction follows that 
if ∅  = X0 ⊂  X1 ⊂ � ⊂  Xk is a sequence of sets 
generated by the Chain Algorithm, then for each Xi 
such that lil AXA ⊂⊆−1 , we have 

)()()( 1 lHlHiH AFAFXF <≤ − . Hence, 
(6)        )()( 1−≤⇒⊂ lHiHli AFXFAX  
      To prove the Theorem, we first prove the 
following claim: 
 
Claim. For each l = 0,1,...,p  and for each X∈ H,  
if Al ⊄  X, then )()()( 1 lHlHH AFAFXF <≤ −  
By analogy with the proof of Theorem 3.2 (case (i)) 
we obtain that there exist the set Xi belonging to the 
chain generated by the Chain Algorithm, such that 
Xi ⊂  Al and FH(X) ≤ FH(Xi ) , then the Claim follows 
from (6). 
 
     Now prove that for each  l = 0,1,...,p, Al is a null 
of some level semilattice Lj, i.e., Al = Kj. Let 
aj=FH(Al). From the Claim immediately follows that 
Al  is a null of Lj. 
      It remains to show that for each null Kj exists  
Al = Kj. Since FH(Ap) is a maximal value of the 
function FH, for each null Kj exists 1≤ l ≤ p,  such 
that )()()( 1 lH

j
HlH AFKFAF ≤<−  or 

)()( lH
j

H AFKF ≤  where Al = ∅ . Show that  
Kj ⊇  Al. In the second case (Al = ∅ ) it is obviously. 
Suppose, that in the first case  Al ⊄  Kj, then from the 
Claim we have )()( 1−≤ lH

j
H AFKF , a 

contradiction. On the other hand, Al ∈  Lj, i.e.,  
Kj ⊆  Al  because Kj is a null of Lj. Then Al = Kj. 
■ 
 
The obtained chain-nested structure, referred in [7,8] 
as a layered cluster, can be considered an abstract 
implementation of the idea of multiresolutional view 
on a system of interrelated objects. 

 
 
 



4 Quasi-concave functions and convex       
    geometry 
In this section we consider convex geometries. As 
set functions, defined on convex geometries, we 
investigate functions which are dual to quasi-
concave functions introduced in the previous 
sections. 
Let (E,S) be a convex geometry and let 

)()( XEFXF HS −=  for each X∈ S. From 
Theorem 2.2 follows that the set system  
H = {E � X : X ∈ S} is an antimatroid, then the 
definition is correct. From the definition follows that  

),(min)(
)(

XExXF
XExS −=

−Γ∈
π . Then, by using (3) 

we obtain 
),(min),(min)( *

)()(
XxXExXF

XexxXexxS ππ
∈∈

=−=  

   It is easy to see that the function π* is a monotone 
increasing linkage function where  
  if X,Y ∈  S and X ⊆  Y then π*(x,X) ≤ π*(x,Y). 
   It should be mention, that we not assume that the 
original given function is just a monotone linkage 
function π. If a given function is a monotone 
increasing linkage function π*, then we 
straightforwardly obtain the set function FS defined 
on the convex geometry. Consider, for example, 

xyXy
sXx

∈
= max),(*π , defined in terms of pair-wise 

similarity sxy. Obviously, thus defined π* is a 
monotone increasing function. Then the function FS 
may be referred as the tightness function [8], and a 
subset maximizing this function can be considered 
as a dense cluster.  
     Notice that the feasible sets S of a convex 
geometry  ordered by inclusion form a lattice LS, 
with lattice operations: 
         YXYXYXYX ∩=∧∪=∨ ),(τ  
then we obtain: 
 
Lemma 4.1 If a set system (E,S) is a convex 
geometry, then for two lattices LS and LH we have 
                 )()( YXFYXF HS ∧=∨  
 
The proof is based on the Theorem 2.2 and on (2). 
      
Theorem 4.1 If a set system (E,S) is a convex 
geometry, then the function FS is a quasi-concave 
function on LS, i.e., 
for each X,Y ∈ H , FS(X ∨  Y ) ≥ min {FS(X), FS(Y)} 
 
Proof. From the Lemma 4.1 and from the Theorem 
3.1 we have 

)}(),(min{
)}(),(min{)()(

YFXF
YFXFYXFYXF

SS

HHHS

=
=≥∧=∨
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     Consider the following optimization problem - 
given a monotone linkage function π* , and a convex 
geometry (E,S), find the feasible set X∈ S such that 
FS(X) = max{FS(Y) : Y ∈  S}. From Theorem 4.1 it 
follows that the set of the optimization problem 
solutions is a join-semilattice with unique maximal 
element. To find this maximal element we use the 
algorithm that is a mirror version of the Chain 
Algorithm: 
  
The Mirror Chain Algorithm ( E, S, π* ) 
1. X := E 
2. X0 := E 
3. While ex (X) ≠ ∅  do 
     3.1  if FS (X) > FS (X0) , X0 :=X 
     3.2  choose x∈ ex (X) such that π*(x,X ) ≤π*(y,X ) 
             for all y∈ ex (X) 
     3.3  X := X - x 
4. Return X0 

 
Thus, the algorithm generates a chain of sets  
E = X0 ⊃  X1 ⊃ � ⊃  Xk , where Xi = Xi-1 - xi and 
xi∈ ex(Xi-1), and returns the maximal set X0 of the 
chain on which the value FS (X0)  is maximal. 
  
Theorem 3.2 Let a set system (E,S) be a convex 
geometry, then for all monotone linkage function π* 
the Mirror Chain Algorithm finds a maximal 
feasible set that maximizes the function FS . 
 
     The proof of this Theorem immediately follows 
from Theorem 3.2, since each step X → X � x  of the 
Mirror Chain algorithm correspondences to the 
step xXX ∪→   of the original Chain Algorithm, 
and the result of the Mirror Chain Algorithm is a 
complement of the minimal set obtained by the 
Chain Algorithm. 
      By analogy with a quasi-concave function FH a 
quasi-concave function FS determines on a convex 
geometry (E,S) the chain-nested structure of join-
semilattices L0 ⊆  � ⊆  Lt, where 

})(:{ j
Sj aXFSXL ≥∈=  and taa >> ...0  are 

the all values of function FS on a convex geometry 
(E,S). We also call these subsemilattices by level 
semilattices. Denote by Ij the maximal element (one) 
of level semilattice Lj. Since Li ⊆  Li+1, we obtain 

tIII ⊆⊆⊆ ...10 . 
  



Theorem 4.3 Let  E = A0 ⊃  A1 ⊃ � ⊃  Ap be a chain 
of sets that were stored as a local maximal subsets 
X0  in the Mirror Chain Algorithm running on a 
convex geometry (E,S), then this chain coincides 
with the chain of level semilattice ones 

tIII ⊆⊆⊆ ...10 , such that the maximal optimal 
subset  Ap=I0 and E=A0=It. 
  
     The proof of the Theorem 4.3 is based on the 
duality of antimatroids and convex geometries, and 
on Theorem 3.3 
 
 
5  Conclusion 
In this paper we have investigated the problem of 
clustering with constraints. The clustering problem 
was considered as optimization problem on 
antimatroids and on convex geometries with  quasi-
concave goal function. The greedy type Chain 
algorithm, which allows to find an optimal cluster, 
also as the �most distant� group on antimatroids and 
as dense cluster on convex geometries, was 
described.  
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